Motivated by the paper of Axenovich and Walzer [2] , we study the Ramseytype problems on the Boolean lattices. Given posets P and Q, we look for the smallest Boolean lattice B N such that any coloring on elements of B N must contain a monochromatic P or a rainbow Q. This number N is called the Boolean rainbow Ramsey number of P and Q in the paper.
Introduction
A poset P = (P, ≤ P ) is a set P equipped with a partial order ≤ P . In this paper, we study the Ramsey-type problems of the well-known poset, Boolean lattices, B n whose underlying set is the collection of all subsets of [n] := {1, 2, . . . , n} and the partial order is the inclusion relation on sets. The k-th level of B n is the collection of all k-subsets of [n], denoted as [n] k . A family F of subsets is isomorphic to a poset P if there exists an order-preserving bijection φ between P and F , i.e. P φ ←→ F such that for any x 1 , x 2 ∈ P , x 1 < P x 2 if and only if φ(x 1 ) ⊂ φ(x 2 ). If a family F contains a subfamily G isomorphic Containing the Boolean algebra B alg(r) implies containing B r since B alg(r) is isomorphic to B r . So RR(P, Q) is finite when P and Q are both Boolean lattices. In addition, Trotter [19] introduced the 2-dimension of a poset P , dim 2 (P ) is the minimum number n for which B n contains P and proved that dim 2 (P ) is finite for any poset P . As a consequence, RR(P, Q) exists for any P and Q.
Analogous to [2] , Cox and Stolee [7] studied the existence of the monochromatic weak subposets in the Boolean lattices. Here a weak subposet means an injection from the poset to the Boolean lattice, which preserves the inclusion relation but not necessary the non-inclusion relation. A very recent paper [4] by the third author and others presents the results on the Ramsey properties of both types of subposets in the Boolean lattices.
In this paper, we study the strong version of the Boolean rainbow Ramsey number and the relations between it and the Boolean Ramsey number. We determine the exact value of RR(P, Q) for specific posets and use the results to derive the upper and lower bounds for RR(P, Q) for general P and Q. We focus on the antichains A n , the Boolean posets B n , and the chains C n , where A n is a set of n elements without partial order relation, B n is isomorphic to B n , and C n is a totally ordered set of n elements. In the paper, the scribe B n refers to the underlying Boolean lattice we color, and the capital B n refers to the desired monochromatic or rainbow Boolean posets. Table 1 is the summary of our results on RR(P, Q) when P and Q are one of the three type of posets.
C m A n n + 2, m = 2 and n ≥ 3 (m − 1)(n − 1) + 2, m = n = 2, or m ≥ 3 and n ≥ 2 The rest of the paper is organized as follows. In Section 2, we determine all but one values listed in Table 1 . The exception RR(B 2 , B 2 ) will be postponed to Section 3 after we establish some bounds between RR(P, Q) and R k (P ). The upper and lower bounds of RR(P, Q) for general P and Q will be studied and a by-product of the Boolean Ramsey number R 3 (B 2 ) = 6 will be shown in Section 3. The last section contains the discussions of the upper bounds for R k (P ) and RR(P, Q) and the Forbidden subposet problems.
The exact Boolean rainbow Ramsey numbers
When P and Q are both chains or both antichains, the Boolean rainbow Ramsey numbers can be determined by simple arguments. Proposition 2.1 For the chains, we have RR(C m , C n ) = (m − 1)(n − 1).
Proof.
For N < (m − 1)(n − 1), we give a coloring c to B N by coloring i to the subsets in the consecutive m − 1 levels
Since a chain C m in the Boolean lattices consists of m subsets of distinct sizes, B N does not contain a monochromatic C m under c. In the coloring c, the number of color classes is at most n − 1, so B N does not contain a rainbow C n as well. When N ≥ (m − 1)(n − 1), consider any coloring on the chain ∅ ⊂ [1] ⊂ [2] ⊂ · · · ⊂ [N] in B N . By pigeonhole principle, it contains at least n subsets of distinct colors or at least m subsets of the same color, as desired.
Proposition 2.2 For the antichains, we have RR(A m , A n ) = N m,n , where N m,n is the minimum integer such that Nm,n ⌊Nm,n/2⌋ ≥ (m − 1)(n − 1) + 1.
Proof. For N < N m,n , partition B N into N ⌊N/2⌋ chains, C 1 , . . ., C ( N ⌊N/2⌋ ) using the symmetric chain decompositions [3, 10] . Then color every m − 1 chains C (i−1)(m−1)+1 , . . ., C i(m−1) by i. Hence any antichain in a color class has size at most m − 1. Also, the coloring contains at most n − 1 colors. Thus, there is no rainbow A n . For N ≥ N m,n , the level [N ]
⌊N/2⌋
contains at least (m − 1)(n − 1) + 1 subsets. Then any coloring on B N contains at least m subsets of the same color or n subsets of distinct colors in the level [N ] ⌊N/2⌋ .
Determining RR(B m , B n ) is not as simple as the previous tasks. We manage to solve RR(B m , B n ) for certain cases of m and n in Theorem 2.3. The proof of Theorem 2.3 (3) is involved in more connections between the Boolean Ramsey numbers and the Boolean rainbow Ramsey numbers. Here we will first prove (1) and (2) postpone the proof of (3) to next section. (2) For N < 2 n − 1, we can color all subsets in the level [N ] i by i. Then every color class is an antichain. Moreover, to have a rainbow B n , we need at least 2 n different colors, which is greater than the number of color in the coloring. Thus, RR(B 1 , B n ) ≥ 2 n − 1.
For N ≥ 2 n − 1, let S be the union of two disjoint sets {x 1 , . . . , x n } and [N − n], and B S := {{X | X ⊆ S}, ⊆}. Without loss of generality, we color on B S . Assume B S does not contain a monochromatic B 1 under a coloring c. Then we will prove that it contains a rainbow B n under c.
For the subsets of {x 1 , . . . , x n }, we fix an arbitrary order of subsets of the same size. Let X h,k ⊂ {x 1 , . . . , x n } be the k-th subset of size h. First define S 0,1 = X 0,1 and m 0,1 = 0. For h ≥ 1, let m h,k be the smallest nonnegative integer such that m h,k ≥ m h−1,k ′ for any k ]. Clearly, if S h,k exists for any 0 ≤ h ≤ n and 1 ≤ k ≤ n h , then these 2 n sets form a copy of rainbow B n . Thus, it suffices to show that when N ≥ 2 n − 1, all S h,k exist.
Suppose, on the contrary, some S h,k does not exist. Let h 1 and k 1 be the "smallest" pair such that S h 1 ,k 1 does not exist but S h,k exists for h < h 1 and 1 ≤ k ≤ n h , or for h = h 1 and k < k 1 . For h < h 1 and 1 ≤ k ≤ n h , or for h = h 1 and k < k 1 
We claim that the principal chain exists for h < h 1 and 1 ≤ k ≤ n h , or for h = h 1 and k < k 1 . This can be done by induction on h. It is clear
and all the colors of the sets in
In other words, the number of the colors of the subsets in the chain
Note that this chain is a rainbow chain. So we have
This contradicts to our assumption of N.
The idea of the principal chain in the proof of Theorem 2.3 (2) can be applied to solve the Boolean rainbow Ramsey number for mixed types of posets:
For the chains and Boolean posets, we have RR(C m , B n ) = (m−1)(2 n −1).
Proof. For N < (m − 1)(2 n − 1), we give a coloring to B N by coloring i to the sets in the consecutive m − 1 levels
i(m−1)−1 . On the one hand, since a color class contains at most m − 1 different sizes of subsets, B N does not contain a monochromatic C m . On the other hand, the number of colors is at most 2 n − 1. Hence it does not contain a rainbow B n . Now for N ≥ (m − 1)(2 n − 1) define B S as in the proof of Theorem 2.3 (2) . We consider a coloring c on B s not containing a monochromatic C m , and let X h,k , m h,k , S h,k , and C h,k be defined similarly as before. If some S h 1 ,k 1 does not exist, then the colors c(X h 1 
In this chain, the number of subsets of the same color is at most m − 1. Hence, we have
Again, simplifying it leads to N < (m − 1)(2 n − 1), a contradiction. So B S must contain a rainbow B n under c.
Two families F and G of subsets are said to be incomparable if for any F ∈ F and G ∈ G, neither F ⊂ G nor G ⊂ F . The following structure in the Boolean lattices will help us to determine RR(C m , A n ).
Proof. We prove both cases by induction on n and constructing the families of chains recursively. The proofs are indeed similar. When N = n + 2, the base case is B 4 . Take C 1 = {{1, 2}} and C 2 = {{4}, {1, 4}} as the desired incomparable chains. Suppose we already have C 1 , . . . , C n satisfying the conditions in B n+2 . Then define
When N = (m−1)(n−1) + 2 and n = 2, we take C 1 = {{m}} and
For m ≥ 2, we see that C 1 and C 2 are incomparable. In particular, the case m = n = 2 is verified. For m ≥ 3, suppose we already have C 1 , . . . , C n satisfying the conditions in B (m−1)(n−1)+2 . Then define
Theorem 2.6 For the chains and antichains, we have RR(C m , A n ) = n + 2, m = 2 and n ≥ 3 (m − 1)(n − 1) + 2, m = n = 2, or m ≥ 3 and n ≥ 2 .
Proof. The constructions in Lemma 2.5 imply the upper bounds RR(C 2 , A n ) ≤ n + 2 for n ≥ 3, and RR(C m , A n ) ≤ (m − 1)(n − 1) + 2 for m = n = 2, or for m ≥ 3. Let C 1 , . . . , C n be the chains constructed in Lemma 2.5. In both cases, there exist at least i colors on the subsets in C i , otherwise it contains a monochromatic C m . However, if there are i colors on C i , then we can pick a set from each chain in order so that all sets are of distinct colors.
The n sets will form a rainbow A n since all the chains are incomparable.
To establish the lower bound RR(C 2 , A n ) > n + 1 for n ≥ 3, we assign color i + 1 to all subsets in [n+1] i for 0 ≤ i ≤ n + 1. Clearly, there is no monochromatic C 2 under this coloring. If it contains rainbow A n , then neither ∅ nor [n + 1] can be in the rainbow antichain. So the rainbow A n must consists of one X i in each [n+1] i for 1 ≤ i ≤ n. However, if X 1 ⊂ X n , then any other X i either contains X 1 or is contained in the complementary set of X 1 , namely X n . As a consequence, the rainbow A n does not exist.
Next, we show RR(C m , A n ) > (m − 1)(n − 1) + 1 for m = n = 2, or for m ≥ 3 and n ≥ 2. Let N = (m − 1)(n − 1) + 1. Assign color 1 + ⌈ |X| m−1 ⌉ to each X ⊆ [N]. This gives an (n + 1)-coloring on B N such that no color appears on m distinct sizes of subsets. So, there is no monochromatic C m under the coloring. Meanwhile, color 1 and n + 1 appear only on ∅ and [N], respectively. Any family contains subsets of n distinct colors must contain at least one of the two sets, and thus cannot be an antichain A n .
Switching the antichain and chain in Theorem 2.6 enhances the difficulty. We only solve the first step. Theorem 2.7 For n ≥ 2, RR(A 2 , C n ) = n.
Proof. For N < n, we color the subsets ∅ and [N] by the same color, and each of the remaining subsets by one color. Clearly, there does not exist monochromatic A 2 , and every longest rainbow chain has size N ≤ n − 1.
To show RR(A 2 , C n ) ≤ n, we begin with n = 2. For B 2 , if there is a coloring on B 2 so that no monochromatic A 2 exists under the coloring, then one of {1} and {2} together with ∅ form a rainbow C 2 . So RR(A 2 , C 2 ) ≤ 2. Assume there exists some n for which RR(A 2 , C n ) ≥ n+1. Let n * be the minimum n ≥ 3 satisfying the inequality. We will show such n * cannot exist. Let c be a coloring on B n * such that no monochromatic A 2 under c. Suppose c(∅) = c([n * ]). May assume c(∅) = 1 and c([n * ]) = 2. Note that the subsets of the same color must form a chain. We may assume that all subsets of color 2 contain the element n * . By the minimality of n * , the coloring c restricted to B n * −1 contains a rainbow C n * −1 . Since every subsets in B n * −1 are not of color 2, the rainbow chain we just obtained together with [n * ] form a rainbow chain C n . This is a contradiction. Else suppose c(∅) = c([n * ]) = 1. As before, subsets of the same color must form a chain. So we may assume if there are other subsets, in addition to ∅ and [n * ], are of color 1, then all of them contain n * . Assume c([n * − 1]) = 2. We observe all subsets in B n * −1 , and replace the color of ∅ by 2. Under the new coloring, B n * −1 contains a rainbow C n * −1 by the minimality of n * . This rainbow chain contains either ∅ or [n * − 1]. Indeed, if it contains ∅ but not [n * − 1], then we replace ∅ by [n * − 1] and still have a rainbow C n * −1 . The chain together with ∅ form a rainbow C n * under the original coloring c. This also makes a contradiction. Hence n * does not exist, and RR(A 2 , C n ) ≤ n holds for all n ≥ 2.
Bounds for RR(P, Q)
At the beginning of this section, we give bounds for the Boolean rainbow Ramsey number of general posets. A lower bound for RR(P, Q) is R |Q|−1 (P ). Since if n = R |Q|−1 (P ) − 1, there exists a (|Q|−1)-coloring on B n containing no monochromatic P and also no rainbow Q because of the insufficiency of colors. Besides, some lower bounds can be obtained in terms of the parameters of the posets. The height and width of a poset P , h(P ) and w(P ), are the sizes of a maximum chain and antichain of P , respectively. The following lower bounds for RR(P, Q) are the consequences of the results in the previous section: Proof. We prove by induction on n, using an idea similar to Theorem 2.7. Suppose we already have RR(A m , C n * ) = k for some n * . Consider any color c on B k+m−1 . Assume that there is no monochromatic A m under c. Then we will show there is rainbow C n * +1 . Let c([k + m − 1]) = 1 and F 1 the family of nonempty subsets of [k + m − 1] colored by 1. Since the maximum size of an antichain in F 1 is at most m − 1, by the wellknown Dilworth's theorem [8] , we can partition F 1 into at most m − 1 disjoint chains, say C 1 , C 2 , . . . , C ℓ and ℓ ≤ m − 1. For each C i , let x i be a common element in each subset in C i . Let S = [k + m − 1] \ {x 1 , . . . , x ℓ }. Observe that |S| ≥ k and the color of each subset of S, except for ∅, is not 1. As before, we consider a new coloring c ′ on the subsets of S with c ′ (X) = c(X) for all nonempty X ⊆ S and c ′ (∅) = c(S). Because |S| ≥ k, we can find a rainbow chain C of subsets of S isomorphic to C n * . If C does not contain ∅, These bounds are quite loose, but our results in Section 2 show that the inequalities in Fact 3.1 and 3.3 are tight for some posets.
The inequality in Fact 3.3 stimulates us to concentrate on evaluating the Boolean rainbow Ramsey number of the Boolean posets. In the last paragraph, we see that the Boolean Ramsey number R 2 n −1 (B m ) is a lower bound for RR(B m , B n ). Here we give an upper bound for RR(B m , B n ) also using the Boolean Ramsey numbers. 
Proof. We consider any coloring c on B N , where N = 2 n −1 i=1 R i (B m ). Assume that B N does not contain a monochromatic B m under c. Then we prove there exists a rainbow B n .
Let us arrange the nonempty subsets of [n] as I 1 , . . . , I 2 n −1 satisfying the condition that
, there exists some set whose color is distinct to c(Y 0 ), otherwise [Y 0 , X 1 ] form a monochromatic B m under c. We pick such a set and call it Y 1 . Similarly, we can find a set in [Y 0 , X 2 ] whose color is distinct to c(Y 0 ) and c(Y 1 ), otherwise the sets in [Y 0 , X 2 ], isomorphic to B R 2 (Bm) , are colored by only two colors, which contains a monochromatic B m . Again, we pick such a set and call it Y 2 . By the same reasoning, we can find disjoint Y 0 , . . . , Y n with all distinct colors. These sets will play the roles of the empty set and the singletons of the rainbow B n .
For n + 1 ≤ i ≤ n + n 2 , we have |I i | = 2. We will find Y i accordingly so that each Y i represents a 2-subset of the desired B n . Suppose Bm) . As before, we can find a set with color distinct to c(Y 0 ), . . . , c(Y i−1 ). Therefore, the set Y i can be chosen from [∪ j∈I i Y j , X i ∪ (∪ j∈I i Y j )], and the resulting sets Y 0 , . . . , Y 2 n −1 form a rainbow B n .
Remark. By Theorem 1.3 (Theorem 5, [2] ), R k (P ) ≤ C · k, where C is a constant determined by P only. Thus, Theorem 3.4 is a proof of the existence of RR(P, Q) without using Theorem 1.5. We will have more discussions on this aspect in next section.
The rest of the section will be the proof of Claim 1: At least five sets in [6] 1 and at least five sets in [6] 5 are of color 3. We will only show that there is at most one set of color 1 and no set of color 2 in [6] 1 . The same idea applies for showing at least five sets of color 3 in [6] 5 . Suppose to the contrary that c({i}) = c({j}) = 1 for distinct i, j ∈ [6] . Note that the sets in F = {X | {i, j} ⊆ X ⊆ [6]} form a B 4 . Thus, there exists X 0 ∈ F such that c(X 0 ) = 1. Then the four sets ∅, {i}, {j}, and X 0 form a monochromatic B 2 , a contradiction. If c({i}) = 2 for some i ∈ [6], then the subsets of color 2 in the family G ′ = {X | {i} ⊆ X ⊆ [6]} must form a chain C. Suppose that C is contained in {{i}, {i, j}, . . . , [6] } for some j. Then G = (B i,j − {{i}}) ∪ {∅} is isomorphic to B 4 and contains no subset of color 2. As before, G contains a monochromatic B 4 . Thus, c({i}) = 2 for any i. Hence at least five sets in [6] 1 are of color 3. The claim is proved.
. This is also a collection of sets forming B 4 . As before, there exists X i,j ∈ B i,j with c(X i,j ) = 3. Since c(∅) = 1 and c([6]) = 2, we have X i,j ∈ [ 
Discussions
We gave an upper bound for R(A m , C n ) in Proposition 3.2. A lower bound can be deduced in the following way: Recall that N m,n is the minimum integer N such that N ⌊N/2⌋ ≥ (m− 1)(n−1)+1. Now consider the set S that is a union of disjoint sets X = {x 1 , . . . , x N m,2 −1 } and Y = {y 1 , . . . , y n−2 }. For each subset Z ⊆ S, color it according to Z ∩ Y . That is, we assign the same color to Z 1 and Z 2 if and only if if Z 1 ∩ Y = Z 2 ∩ Y . Thus, the subsets in a color class form a Boolean poset B N m,2 −1 , which do not contain A m . On the other hand, if Z 1 , . . . , Z k form a rainbow chain, then Z 1 ∩ Y, . . . , Z k ∩ Y also form aa rainbow chain. However, any rainbow chain formed by subsets of Y has length at most n − 1. So there does not exist a rainbow C n . Therefore, we have RR(A m , C n ) ≥ N m,2 + n − 3. Obviously, there is a huge gap between the lower and upper bounds. It would be interesting if one can tighten the gap.
One of our main interests is to estimate RR(B m , B n ). Theorem 1.5 provides us an upper bound RR(B m , B n ) ≤ n2 (2n+1)2 m−1 −2 . We also have RR(B m , B n ) ≤ 2 n −1 i=1 R i (B m ). In the following, we give an estimation of 2 n −1 i=1 R i (B m ) in terms of m and n. Recall that in the Remark after Theorem 3.4, we mentioned that R k (P ) ≤ C · k, where C is a constant determined by P . Indeed, this is consequence from a result of Méroueh in [18] . Let us introduce the Lubell functions and Forbidden subposet problems studied intensively recently. The Lubell functionh n (F ) for a family F of subsets of [n] is defined ash
It is obvious thath n (B n ) = n + 1. For the background of the Lubell functions and Forbidden subposet problems, we refer the readers to a recent survey [11] . In the literature, Lu and Milans [17] proposed the conjecture:
Conjecture 4.1 [17] Let λ n (P ) be the maximum value of the Lubell function for families of subsets of [n] not containing P as a subposet. Then lim sup λ n (P ) is finite.
Méroueh [18] verified this conjecture by showing that ifh n (F ) > 1000m 7 16 m , then the family F must contain B m , as well as any poset whose 2-dimension is at most m. Thus, when N ≥ 1000m 7 16 m k, any k-coloring on B N must contain one color class F i of subsets of color i withh(F i ) > 1000m 7 16 m , and hence a monochromatic B m of color i. In other
